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A numerical solution is presented for the problem of transient freezing of laminar flows
inside a circular pipe. Unlike other available solutions on similar subjects, the flow motion in
the present study is determined as part of the solution where the fluid transport process is
represented by the elliptic Navier-Stokes equations characterized by diffusion in the radial
and axial directions. in the solid and liquid regions, thermal diffusion is accounted for in the
axial direction as well as in the radial direction. The vorticity-stream function approach is
used in the formulation of the flow problem. A Landau transformation is applied to map the
variable-geometry physical domain into a fixed-geometry computational domain. A time-
lag procedure is employed to treat the moving grids, and interpolation is used to determine
the field variables at the new grid locations from those known at the old grid points. Three
cases of flow motion are considered: flow with uniform velocity at the entrance, flow with
fully developed profile at the entrance, and slug flow through the pipe. The position of the
solid-liquid interface, the temperature distribution, heat flux at the walls, and the heat
transfer coefficient at the interface have been calculated for prescribed and calculated
velocity profiles. Differences in solidification rates for the three kinds of flow configurations
demonstrate that the computed flow profiles show significantly different results from the
slug flow case, demonstrating the need for accurate treatment of the flow field. The
influences of the Reynolds and Stefan numbers on the solidification rate are also
investigated. The accuracy of the present method is verified by comparing the results with

the closest analytical solution using the case of a slug velocity profile through a pipe.
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Introduction

In many practical engineering problems the solidification of
fluids in an internal pipe flow in the entrance region is of interest
and importance. In some cases, such as in chilled-water air
conditioning systems, water supply through pipes in a cold
environment, and fluid flow in process industries, freezing of the
fluids may be critical and potentially damaging. Also, in
applications like casting, the cooling rate is one of the important
factors in determining the microstructure of the final products.

One inherent difficulty in solving problems of this type is that
the solid-liquid interface moves in time and is not known a
priori. Another difficulty arises in determining the liquid flow
through a continuously deforming domain. The effect of flow
motion becomes particularly important when the thermal
behavior of the fluid needs to be taken into account. Two of the
earliest significant investigations on this subject were reported
by Hirschberg' and Zerkle and Sunderland?® for liquid
solidification in a tube with the assumption of steady-state
laminar flows. Later, Ozisik and Mulligan? presented a solution
for transient freezing of laminar flows inside channels, assuming
a constant wall temperature. The effects of convectively cooling
boundary conditions were reported by Sadeghipour, Ozisik,
and Mulligan®. Shibani and Ozisik®® presented solutions for
the freezing of turbulent, internal flows. A variational solution
was obtained by Bilenas and Jiji’ for the problem of
axisymmetric fluid flow in tubes with surface solidification. The
common simplifying assumptions in these studies are the
prescribed velocity profiles, quasi-steady-state heat conduction
in the solid region, and negligible axial conduction. Another
assumption commonly made in the theoretical analysis of the
solidification problem is that the solid-liquid interface is smooth
and the flow cavity has a monotonically decreasing diameter.
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Instead, Gilpin®-® observed wavelike or cyclic variation in cross
section along the axial direction of the tube. Gilpin found that
ice-band spacing normalized by the pipe diameter is
independent of the flow Reynolds number and can be correlated
with the cooling ratio 0.(T,,— T,)/(T,— T,,)) for laminar and
turbulent flows. Ice-formation phenomena for water flow
between two horizontal parallel plates were investigated by
Seki, Fukusako, and Younan'®. Smooth ice-formation types
and transition ice-formation types were observed, both
occurring for Re/8%-74! 210%, respectively, Cheung and
Epstein'! collected and reviewed the important results of the
work on the solidification and melting in fluid flow in the
literature up to 1982.

The finite difference methods and the vorticity—stream
function formulation for the flow motion supply a means of
solving phase-change problems numerically rather than
analytically. Barakat and Clark'? successfully applied these
methods to solve a problem of two-dimensional transient
laminar natural convection. Kroeger and Ostrach'? used this
approach to solve phase-change problems, including convection
effects in the liquid region. Yim et al.'* presented experimental
studies as well as some comparison with a simplistic quasi-
steady-melting model and Petrie et al.*® reported a similar study
for two-phase flows. Thomason and Mulligan'® and
Thomason, Mulligan, and Everhart!” experimentally
investigated the flow instability and pressure drop during the
freezing of turbulent internal pipe flows. Several studies
employed transformation techniques to analyze the
multidimensional phase-change problem by mapping the
physical domain into a simpler computational domain!8-2!,
Recently, boundary-fitted coordinate systems using numerically
generated grids have been applied to analyze problems that

have solid-liquid interfaces of complex shapes??24,
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Even though there have been many studies on the subject of
the solidification of internal channel flows, the complete
governing equations which really represent the solidification
process have not been solved. In the present investigation, a
finite difference algorithm has been developed to solve the
problem of transient freezing of a two-dimensional forced
laminar flow inside a pipe using a Landau transformation. The
assumptions that are frequently made, such as negligible axial
conduction and quasi-steady-state heat conduction in the solid
region, have been removed, and the flow motion is determined
as part of the solution. The solid-liquid interface is assumed to
be smooth and monotonically decreasing along the axial
direction. This assumption is validated by considering that the
solidification occurs in the inlet region. The cooling temperature
ratio 0, in the present analysis ranges from 0.5 to 2.5, which
reflects the ratio of ice-band spacing to pipe diameter to be
larger than 15 from Gilpin’s correlation®. However, the ratio of
pipe length to pipe diameter is 10, which implies that less than
one ice-band is considered in the present study. The comparison
between the present numerical solution obtained from the
complete governing equations for the solidification process and
other available analytical solutions obtained from the simplified
governing equations is used to establish the validity of the slug
flow assumptions made in the literature.

Problem formulation

The transient freezing of an axisymmetrical flow inside a straight
circular pipe is considered. Initially, the fluid inside the pipe is
assumed to be at rest with its temperature at the freezing point,
T,,. The fluid then starts flowing along the axial direction which
is accompanied by a step reduction of the wall temperature T,,
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Figure 1 The nomenclature and the schematic description for
solidification in developing pipe flows

down to a value below the freezing point. The flow temperature
at pipe inlet is T,, which is higher than the freezing point. A
solidified region quickly forms over the inside surface of the pipe
wall and grows toward the centerline. Figure 1 illustrates the
geometry and the general nomenclature for the problem. The
flow is assumed to be axisymmetrical, laminar, and
incompressible. Furthermore, it is assumed that the fluid has a
well-defined, distinct freezing point, and its density remains
unchanged during solidification.

The equations governing the present problem are those
resulting from conservation principles and can be expressed as
follows:

Solid region

@T, 10/ 0T,\ 1 9T,
iy g -
ozt ror\ or a, Ot
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Notation

2}
=

Specific heat

Local heat transfer coefficient, — k,(6T,/0r)/(T,— T,,,)

Dimensionless local heat transfer coefficient, 2r, h/k,

Thermal conductivity

Dimensionless thermal conductivity, k(T,,— T, )/a,0,4

Pipe length

Fluid pressure

Dimensionless pressure, pr2/po?Pr

Prandtl number of the liquid, v,/a,

Local heat flux, —k(0T,/0r)

Dimensionless heat flux, gr,/k(T,—T,,)

Radial coordinate

Dimensionless radial coordinate in the liquid region,

r/r;

R* Dimensionless radial coordinate in the solid region,
(R—1)/(1/R;—1)

R; Dimensionless radial location of the interface, r;/r,,

Re Reynolds number, 2u,r,/v

Sf  Stefan number, ¢, (T, — T,)/4

t Time

T  Temperature

T, Bulk mean temperature

Velocity at the centerline

Dimensionless centerline velocity, r,u/a,

u, Maean velocity at the entrance

u Radial velocity

Dimensionless radial velocity, r u,/o;

RED™

TS e e

u, Axial velocity

U, Dimensionless axial velocity, r,u,/a,

z Axial coordinate

Z  Dimensionless axial coordinate, z/r,,

Greek symbols

o Thermal diffusivity

0 Dimensionless temperature, (T—T,,)/(T,,—T,)
6. Cooling temperature ratio, (7,,— T,,)/(T,— T,,)
A Latent heat

¢ Viscosity

p  Density

t  Dimensionless time, to;,Sf/r?,

Y Stream function

¥  Dimensionless stream function, y/or;

®  Vorticity, du,/0r— du,/0z

Q  Modified dimensionless vorticity, wrr, /4R
Subscripts

i Solid-liquid interface

l Liquid zone

m  Melting/freezing

o Pipe inlet

s Solid zone

w  Pipe wall

Superscript

n  Computational time level
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In order to avoid performing calculations in the transient and
irregularly shaped domains, we apply the Landau
transformation twice. The first Landau transformation is
applied to the governing equations through a change of
variables and nondimensionalization by defining

R=r/r, (Ta)
Ri=ryr., (7b)

Based on common observation, it is assumed that the rate of
change of the radial position of the interface with respect to the
axial direction is small. This assumption can be validated by
observing the transient development of the ice structure in a pipe
reported in Ref. 9. This assumption of negligible interface slope,
Or/0z reduces the complexity and length of the transformed
derivatives, subsequently giving
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It is necessary to explain more carefully the transformation of
the time derivative. Since the solid-liquid interface location r, is
time-dependent in the transient freezing problem, the time
derivative should be formally transformed into the expression

0 0td OR O a,Sf[a R OR; 6]

awm w72 |3 R % R

In the treatment of a moving-grid-type problem, there are
basically two approaches: One is to consider the dependence of
the variables on both time and space. This leads to the second
term of the type (0R/0t)(0/0R). This term can be seen as a
“velocity” quantity indicating the velocity of the coordinate
points, as treated by Saitoh and Hirose?°. A second approach,
which is used in the present work, is to consider the “pseudo
steady-state” problem and assume that during each time step
the solution domain remains unchanged. The validity of this
assumption can be further verified by noting that the second
term is an order of magnitude less than the first term. Although
the first procedure may appear to provide a more accurate
solution, the numerical evaluation of the derivatives contains
substantial errors. On the other hand, the second approach
becomes more straightforward and accurate, particularly for
slowly deforming domains of the type considered in the present
work. This approach has been utilized by Sparrow, Patankar,
and Ramadhyani'® in their investigation of the effects of natural
convection on the melting process.

After the first transformation process, the entire physical
domain is mapped onto a new one, where the liquid region is

(5)
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rectangular; ie., 0SZ<L/r,, 0OSR<1, and the solid-liquid
interface is always maintained at R=1. However, the solid
region after the first transformation is still neither time-
independent nor rectangular; ie, 1<R<1/R, A second
Landau transformation is employed to immobilize the domain
of the solid region that has been obtained by the first
transformation process. This is accomplished by defining a new
transformation variable
R-1

R‘=1/R,-—1 1o

which yields
i) R, 0

R 1-R,0R* an

In the present study, a vorticity—stream function formulation
is used to represent the fluid motion. The resulting governing
equations in terms of dimensionless variables are as follows:

Solid region (0SR*<1,0<Z<L/r,)
,Sf 06, _azo,+ 1 1@, N 1 &,
, 0t 0Z® R*(1—R)+R;1—R;0R* ' (1-R)? 0R*?

o
(12)
Liquid region (OSR<1,0<Z<L/r))
60+U 0 e Q (1 azn+ 3 an+629 13
ot aR *9Z  \R?0R®* RPROR ' 077
1Y 1 aw g
Q= i 4
RQ= R; 0R* RR R Niaze (14)
0, 1 o6, ae, 1 8%, 1 1409, 8%,
Sf—+—U,— i S e R 15
o UaR *9Z R? 6R2+R,-2R6R+622 (13)
where
1 oy 1 0¥
=— = —_——— 16
*"RR 3R Ur="R3%z (16)
1 /0U ouU
=—(Z==_R,=—= 17
0 R<aR ‘az) a7

Solid-liquid interface (R=1, R*=0, 0<Z<L/r,)
OR; R; 06, _K 06,
ot \*1-R,6R* 'GR

A modified form of the vorticity variable as shown above’ is
used for improved formulation and computational advantage.

RSEZS

(18)

Boundary conditions

Due to the elliptic nature of the conservation equations, the
boundary conditions for all the field variables have to be
specified along the entire boundary enclosing the solution
domains. At the inlet of the pipe, the stream function
distribution is calculated from the specified inlet fluid velocity
profile for which two cases (i.e., slug and parabolic profiles) are
considered. At the outlet, the gradient of the stream function in
the axial direction is assumed to be zero; i.e., the streamlines are
assumed to be perpendicular to the exit plane of the pipe. This
boundary condition frequently appears in the literature?® and
implies that the flow is almost fully developed at the exit. Even
though the fully developed condition may not be achieved at the
exit of the channel, this zero-gradient boundary condition offers
sufficient flexibility for the flow distribution. Furthermore, it is
intuitively very accurate for narrow channels of the type
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considered in the present study and has negligible influence on
the upstream portion of the flow. At the interface, the condition
of no flow in the direction perpendicular to the interface is
applied, which we can justify by noting that for the problem
under consideration the progress of the solidification interface is
much slower by comparison with the residence time for the fluid
flow. This would not be accurate for flows subject to very rapid
solidification. On the centerline, the stream function remains
constant due to axisymmetry.

The vorticity boundary conditions are derived from velocity
distributions at the inlet and are zero on the centerline by the
axisymmetrical flow consideration. As for the stream function,
the vorticity is assumed to have zero gradient at the exit. At the
interface,

2

izt =1 8Y

R 6R R, 0R?
which can be obtained by using a Taylor series expansion?®. The
fluid is assumed to have a uniform temperature distribution at
the inlet; at the outlet the temperature gradient along the flow
direction is taken to be negligible, indicating that the convective
effects are taken to be much more dominant than the diffusion of
heat. The axial conduction at the pipe exit in the solid region is
also assumed negligible. This can be justified by noting that the
radial dimension is much shorter than the overall length of the
pipe section considered in this study. Thus, the major thermal
gradients that cause solidification occur solely in the radial
direction as the flow develops. Therefore the temperature
distribution in the solid region at the exit zone is almost one-
dimensional as the solidification front becomes increasingly
parallel to the axis. This is also apparent from Figures 2, 7, and 8
when the radial and axial directions are properly scaled. The
solid-liquid interface is assumed to be isothermal and has the
value of the melting point. On the centerline, the axisymmetric
boundary condition is applied. Summarizing, we have the
following:

(19)

At the entrance:
¥(0, R, )= U.R{R*/2— R*/4)
for parabolic velocity at inlet (20)

Y(0, R, 1)=4U R;R?
Q(0,R,7)=—2U,_ for parabolic velocity profile at inlet (22)

for slug velocity profile at inlet (21)

QO,R,7)=0 for slug velocity profile at inlet (23)
0,(0,R,7)=6, (24)
0,00, R,1)=8, (25)
At the exit:
O¥(L,R,7) 0QL,R,7) 00(L,R,t) 00(L,R*,7) 0 (6)
oz oz ez ez
Along the centerline:
¥(Z,0,7)=0 27)
Q(Z,0,7)=0 (28)
00/(Z,0,1)
=0 29
OR @)
At the solid-liquid interface:
Y(Z, 1, 1)=volumetric flow rate 30)
2¥, ¥
oz, 1,1=2Fe— ¥ 31)

R{ARY

where W, is the stream function value at the node in the fluid,
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which is one nodal distance AR away from the solid interface.
0(Z,1,7)=64(Z,0,7)=0 (32)

The pipe surface is considered to be held at a constant
temperature that is lower than the freezing point of the fluid,
starting at the pipe entrance; thus

6(Z,1,71)=—1 (33)

The above set describes the complete boundary conditions
needed to solve the present problem.

Numerical procedure

An explicit finite difference method is adopted to solve the
governing equations. The convective terms in Equations 13 and
15 are linearized by assuming that the velocity components U,
and U, have the same values as they did at the previous time
step. A first-order upwinding scheme is used to represent the
convective terms, and second-order central differencing is used
for the remaining derivative terms. For the terms (1/R)(86,/0R)
and (1/R)(0¥/JR), a singularity occurs at R=0; this singularity
is eliminated by taking the limit forms of these terms. In order to
obtain satisfactory accuracy, the temperature gradient at the
interface is evaluated by a second-order one-sided differencing
in both the solid and liquid regions.

One of the main computational difficulties is the
determination of the interface movement. To circumvent this
problem, we use a time lag procedure, which assumes that the
moving interface is stationary during a small time interval
between the heat transfer and the progress of the interface. At
each time step, the fluid motion is evaluated using Equations 13
and 14. After the flow field is obtained, the temperature
distribution in both solid and liquid regions can be obtained by
using Equations 12 and 15, respectively. The new position of the
interface can thus be determined from Equation 18 as
R;‘*‘=R’,~'+—A—1—<KS—I(—‘— ® _k %>

RSf 1—R; OR* R
An identical computation procedure can be employed again to
yield all the variables and the interface location at the next time
step, and so forth.

The result of the Landau transformation and the time-lag
procedure is that the relationship between a given radius
position in the physical domain and the transformed
coordinates changes as the interface moves. Subsequently, a
fixed point on the computational domain corresponds to
different physical locations at two consecutive time steps. Thus,
a reevaluation of the field variables after each time step is
required. This is carried out by linear interpolation at all grid
points except those which correspond to the newly solidified
region. For these, the stream function and the vorticity are
assumed to have their values at the interface, and the
temperature is assumed to be at the freezing point.
Furthermore, to fulfill both local and overall mass conservation,
the interpolation for the velocity components is performed by
differentiating the stream functions at the newly mapped points.

In order to keep the explicit finite-difference calculation
stable, the time increment is evaluated before the computation
at each time step. It can be seen that the explicit finite-difference
expressions for the governing equations can be written in the
form

075 = (A7 107y + B M0}y ;+Ch 0], + D7 0] 4 )AT
+(1—E} ;At)1} (35)

(34)
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Figure 2 Variation of solidification front with time at selected axial
locations for Sf=0.643, Pr=13.2, and Re=100

where I1 can represent temperature or vorticity and 4, B, C, D,.

and E are the coefficients evaluated from the field variables.
Stability requires that the coefficients in front of I be positive.
Since A, B, C, D, and E are always positive, the stability criterion
becomes

1—E}, A0 (36)

In the present problem, meshes of 21 x 10 in the solid region
and 21x12 in the liquid region, in the axial and radial
directions, respectively, have been used to generate the results.
In the computational domains, the grids are evenly separated
along each direction, which results in a uniform distribution of
points in the axial direction and a skewed distribution in the
radial direction of the physical domain. The grid independence
study is carried out by doubling the grid number in the axial
direction (i.e., meshes of 41 x 10 in the solid region and 41 x 12
in the liquid region). The reason for doubling the nodal points in
the axial direction is that the nodal point distribution in the
axial direction has much larger spacing than that in the radial
direction. The solid-liquid interface positions derived using the
doubled grid solution show no visible difference from those
displayed in Figure 2.

Results and discussion

In order to generate results and perform comparative evaluation
with results obtained by analytic methods and different
nondimensional variables, the thermal and fluid properties close
to those of water at 0°C are selected for computation. Sf=0.643,
Pr=13.2, and Re=100 are used in Figure 2 through Figure 6.
The pipe length is 10 pipe diameters. The fluid motion is handled
in two distinct ways. First, a slug velocity profile is assumed,
which eliminates the need to compute the velocity field, and the
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value of the mean velocity is obtained from continuity. This case
enables the results to be compared with analytical solutions to
assess the accuracy in solving the moving-boundary problem.
Furthermore, this case approximates turbulent flows with
flatter velocity profiles. In the second group of computations,
full expressions governing the fluid motion are considered which
are referred to as the computed exact velocity solutions. In both
of these cases, a constant mass flow rate of liquid through the
entrance of the pipe is considered, which would indicate the
necessity for providing a greater pressure difference to maintain
the flow rate as the solidification progresses. This assumption,
however, is not a limitation of the approach, and any time-
dependent inlet velocity profile can be considered once it is
specified or coupled with the pressure drop.

Figure 2 shows the transient behavior of the solid-liquid
interface position at a quarter of the pipe distance from the inlet
and at the end of the pipe. Included in this figure are the analytic
results obtained by Ozisik and Mulligan?® for a slug velocity
profile through the pipe, numerical results for a slug flow, and
numerical results for fluid flow with given velocity distributions
at the entrance. The deviation between the analytic and
numerical results for both slug flows can be attributed to the
absence of axial conduction and the quasi-steady-state
assumption for the solid phase in the analytic results, which
have been accounted for in the present study. Figure 2 also
reveals that the solidification rate is faster if exact velocity
profiles are computed simultaneously rather than if a slug
velocity profile through the pipe is used in the flow motion. This
phenomenon can be explained in that the motion of fluid
particles close to the solid zone move more slowly than those at
the centerline for the computed flow field, reducing the thermal
gradient at the liquid side of the interface. This also shows that
for the computed flow field, the influence of the velocity profile
at the entrance diminishes as the flow develops further
downstream.

Figure 3 shows the temperature distribution as a function of
the radius at a quarter of the pipe length from the inlet and at the
end of the pipe. Closer examination of the results from analytic
and numerical methods for the slug flows reveals that the
influence of axial conduction on the temperature distribution is
significant, especially at the downstream of the pipe. This also
can explain the reason why the deviation between curve 5 and
curve 6 is larger than that between curve 1 and curve 2 in Figure
2. Figure 4 displays the dimensionless local heat flux along the
wall for the different kinds of velocity profiles. Plotted in Figure
5 is the dimensionless local heat transfer coefficient at interface
over the range Z=35L to Z=L. The heat flux and the heat
transfer coefficient are determined by the temperature
distribution. Figure 6 shows the calculated velocity profiles. The
flow development can be noted by comparing the profiles for the
case of Z=1L and Z=L. This further justifies the gradient
boundary conditions which are used for the flow variables.

Figure 7 depicts the effect of the Stefan number (Sf=0.129,
0.386, and 0.643) on the location of the solid-liquid interface at
the pipe exit as a function of the dimensionless time. A large Sf
value indicates a small value of latent heat and/or a large
freezing-to-wall temperature difference. Either of these two
consequently causes a faster solidification rate. Figure 7 also
shows that on the computed flows field, the inlet flow
distribution has little influence on the solidification rate at the
pipe exit for the specified parameters and the Reynolds number.
As shown consistently in each set of constant Stefan number, the
discrepancy of the solid-liquid interface between the slug flow
and the computed exact flow increases as the solidification
progresses. Similarly, Figure 8 depicts the effect of the Reynolds
number on the progress of the solidification front for Sf=0.643
and Pr=13.2. It illustrates that at lower Reynolds number and
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Figure 7 Effects of Stefan number on the location of solid-liquid
interface at the exit of the problem domain for Pr=13.2, Re=100

smaller flow rate the solidification rate increases. This difference
in the solidification rate at the pipe exit between the slug flow
and the computed exact flow ranges from 3.9 to 10.3% when
based on the radius of the solidification front, and ranges from 6
to 27.5% when based on the solidification thickness. It also
shows that at lower Reynolds number, the effect of velocity
profiles at the pipe inlet is less pronounced.

Additional results and a detailed analysis of the numerical
scheme are presented in Ref. 26.

Conclusions

A numerical formulation of the coupled fluid flow—solidification
problem for developing internal pipe flows is presented. The
accuracy of the approach is demonstrated by comparing it with
available solutions for slug flow and is found to be satisfactory.
The Landau transformation utilized here shows that algebraic
transformation techniques can be used effectively for this and
other problems of similar geometries; however, advanced
numerical techniques, such as numerical grid generation
methods, have to be employed for more complex geometries,
although with substantial increase in computational time. It is
found that the influence of the flow velocity distribution on the
solidification rate cannot be ignored, and the velocity
distribution should be solved simultaneously with the
temperature distribution. One of the primary advantages of the
present approach is the flexibility in the boundary conditions;
pipe wall temperature can be varied arbitrarily in the axial
direction, and different flow distributions can be considered at
the inlet of the pipe without necessitating any major change in
the computational procedure. The present method is
computationally feasible, with a CPU time of approximately
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Figure 8 Effects of Reynolds number on the location of solid-liquid
interface at the exit of the problem domain for Sf=0.643, Pr=13.2

0.450s for the slug velocity profile and 0.675s for the varying
velocity profile per computational cycle on a VAX 11/780
computer.
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